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Abstract 

We present compact expressions for the cross sections due to the subprocesses 7 + 

g + Q + Q + g and 7 + Q -+ Q + Q + 8, including the dependence on the mass m of 

the heavy quark. These reactions give O(og) corrections to the O(asa) subprocess 

7 + 9 + Q + Q which describes the electro- and photoproduction of a heavy quark 

pair from a hadron target in the leading order of perturbation theory. Using these 

formulae we have calculated the cross section for the electroproduction of heavy 

quarks with hard gluon bremsstrahlung both at the energy of HERA and above. 

We have also estimated the contributions of the reactions 9 + g + Q + Q and 

7 + p -+ Q + Q, which enter also at order a:a. Our results indicate that gluon 

bremsstrahlung is less important for electroproduction and photoproduction than 

for hadroproduction. 
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I. INTRODUCTION 

The study of charmi’] and bottom productioni2s31 sa well ss the searchl’l for the 

top quark are important goals at the present generation of hadron machines. This 

interest will certainly persist both at the Tevatron and SppS collider, as well as at 

the SSC and LHC. In this paper we investigate an alternative method of studying 

similar physics. We study the production of heavy flavours using either a photon 

beam, or a high energy electron beam such ss is provided by HERA161. 

Theoretical argumentslsl indicate that the cross sections for heavy flavour pro- 

duction in hadron-hadron, photon-hadron and electron-hadron collisions can be 

reliably calculated in perturbative QCD. The short distance cross-sections are cal- 

culable ss a perturbation series in the running coupling constant with corrections 

which are suppressed by powers of the heavy quark mass. However, the theoretical 

estimates, available in the literature, are at best semi-quantitativel’~s~s1. There are 

two major uncertainties. Firstly, the gluon wave function of the proton has not yet 

been extracted from the data with the desired accuracy. Secondly, the important 

next to the leading order contributions have not been included in the calculations. 

In the case of hadron-hadron collisions certain higher order effects have been dis- 

cussed in terms of hard gluon bremsstrahlung cross sections with a cutoff on the 

transverse momentum of the final state gluonl 7,81. A complete higher order cal- 

culation for the hadroproduction of heavy flavours has recently been presented in 

ref. [lo]. 

In the case of photoproduction and electroproduction even such a qualitative 

analysis has yet to be performed, since the cross section formulae for the production 

of heavy quarks with hard gluon bremsstrahlung are not available in the literature. 

In this paper we present compact analytic formulae for the cross-sections for the 

processes Q+Q -+ g+g+r and Q+Q + q+9+7. The cross-sections for the processes 

7fg + Q+Q+g and q+g + Q+a+q can be obtained simply by crossing. With the 

help of these formulae we have estimated the contribution of these 2 + 3 processes 

at HERA energies using the Weizs&ker-Williams approximation for the electron- 

photon vertex. This is a good approximation since the production rate is dominated 

by the region of low electron transverse momenta. Therefore in high energy electron- 

proton scattering, the dominant parton-parton luminosity is provided by photon- 

gluon initial states, and the photons can be taken to be on their mass-shell. In 
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Fig. 1 we plot the parton luminosities calculated with the help of the formula, 

dL 2M ldz -=- 
/ --F.,~(z,M’)~,B(~.M’), 

dM s 7% 

where the function FoiA(z, M*) denotes the number density of parton a in particle A. 

M and fi are the parton and hadron centre of mass collision energies respectively 

and r = MZ/s. In the WeissSker-Williams approximation the number density of 

photons in the electron is, 

F&) = 

where m, is the electron mass and z is the light-like fraction of the electron’s 

momentum carried by the photon. 

In the numerical evaluation of the gluon and quark wave functions, we used the 

EHLQ parametrisationi”], set 1. For the case of charm, (and perhaps for bottom), 

the quark mass is not large and the hadronic component of the electron given by the 

perturbative emission of an almost real photon and its subsequent decay into quarks 

and gluons can give non negligible contributions. In this case the gluon-gluon fusion 

and quark-antiquark annihilation mechanisms of heavy flavour production can also 

contribute. The Qr evolution of the gluon and quark number densities within the 

electron have been parametrised in Ref. (121. We used their parametrisation with 

five flavours to calculate the gluon-gluon, gluon-quark and quark-antiquark lumi- 

nosities of Fig. 2. Note that in the case of gg and qp initial states the short distance 

cross-sections are larger by the ratio of the coupling constants O(a,/a) than the 

cross-sections in the case of -yg initial states. We can see from the comparison of the 

curves of Figs. 1 and 2 that at @ = 314 GeV the hadronic contribution of the elec- 

tron becomes rapidly negligible above parton collision subenergies fi = 15 GeV. 

This conclusion remains valid even after the inclusion of the exact hard scattering 

cross sections. 

From this qualitative discussion we conclude that above parton subenergies of 

0 (w 15 GeV) the dominant corrections to bottom production at HERA are the next 

to the leading order perturbative QCD corrections. We therefore study the hard 

gluon bremsstrahlung effects in some detail. In section III it is shown that the hard 

bremsstrahlung corrections to heavy quark pair production are less important in ep 
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collisions than in hadron-hadron collisions. This is to be expected since the simple 

argument which suggests that the gluon splitting mechanism will be largel’31, makes 

no such prediction for the ep case. A complete theoretical analysis must include the 

full next to the leading order perturbative QCD corrections. 

II. CROSS SECTION FORMULAE 

In electron-proton scattering heavy quark pairs can be produced at order alar 

via the QCD subprocesses, 

7+s -Q+s 

7+~ +Q+8+q 

7+s +Q+C?+g 

cl+P -Q+S 

9+9 -Q+a. 

(2.1) 

w 

(2.3) 

(2.4) 

(2.5) 

The physical cross sections are obtained by folding the subprocess cross sections 

with the photon wave function of the electron (which is of order a, see Eq. (1.2)) 

and the gluon or quark wave functions of the proton. In the case of the first 

subprocess (2.1) the one loop QCD corrections should also be taken into account. 

Our calculations and discussions will not be complete since we do not include these 

loop corrections. 

The matrix element squared of the first subprocess is, 

7(~1) + cl(m) + Q(PJ) + 8(~41 

~1M~,,99(~1,~3,~3r~4)12 = ;;l;;3 + pi3 + 2mzpn - 
m4d2 
- 1 , 
PUP23 

(2.6) 

where V = N* - 1 and i’V denotes the number of colours. Initial (final) colours 

and spins have been averaged (summed). m and err are the mass and charge of the 

heavy quark respectively. We denote the scalar product of two four momenta by, 

Pij = Pi ‘Pj. (2.7) 
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The spin and colour summed matrix elements squared for the subprocesses in 

Eqs. (2.2) and (2.3) are given in Tables 1 and 2, respectively. Averaging over initial 

colours and spins is not included. Note from Table 1 that the interference term 

A3 predicts differing cross-sections for the production of a heavy quark and heavy 

antiquark. 

It is interesting to note that the information given in Table 2, can be extracted 

from the expressions for the matrix element squared of the purely hadronic sub- 

process QQggg calculated earlier ll’Jsl. This is most evident using the notation of 

ref.[l4], where the matrix element squared for the subprocess QQggg is expressed 

in terms of three independent colour structure functions which are proportional to 

N’, N* and N2 + 1, denoted by &, RK and RQao respectively. The colour structure 

function proportional to N4 (I&) ’ p is resent only in the three gluon calculation. The 

other two functions are related to the functions which appear in the two gluon-one 

photon calculation presented in this paper. The function RQ~JJ is proportional to 

the matrix element squared for the QED subprocess Qa777. The colour structure 

function RKF in Table 2 is related to the structure function Rx presented in ref.[l4]. 

If we fully symmetrise RKF in the gluon-gluon-photon labels (3,4,5) we obtain the 

colour structure function RK of the QQggg subprocess. These relations can be 

proven with some algebra directly from the colour and space-time symmetry prop- 

erties of the Feynman diagrams describing the three subprocess Q&r , QQggr 

and QQggg. They therefore provide a check of the correctness of our calculation. 

For completeness we also give the matrix elements squaredl’“1 for the subpro- 

cesses in Eqs. (2.4) and (2.5), summed (averaged) over final (initial) colours and 

spins, 

I + P(Pz) + Q(p3) + O(p4) 

~IM,,,op(p1,p2,p3,p4)12 = ~(p’3p;2p’3 + g) 

and 

gh) + g(n) + Q(p3) + Q(P~) 

(2.8) 

~IM~,-,q(pl,p2,p3,p4)12 =$,&(A - ~)~*:3+*:3+2m2*,2-~]. 

(2.91 
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We have studied the contributions of the subprocesses Eqs. (2.4) and (2.5) in 

order to determine the energy scale above which the these contributions become 

negligible. This is an important question from the point of view of quantitative 

description of heavy flavour production at HERA. When these contributions can- 

not be neglected, the next to the leading order analysis involves many terms and 

becomes quite cumbersome. 

III. NUMERICAL RESULTS 

We have calculated the contributions of all five subprocesses to heavy quark 

pair production cross sections in electroproduction using the Weizdcker - Williams 

approximation at the electron photon vertex. We focused mainly on bottom pro- 

duction at HERA. Since the 2 -+ 3 processes are singular in configurations in which 

light partons are collinear, we require that the transverse momenta of the heavy 

quark pair in the final state is larger than the greater of 5 GeV and m. As a 

scale Q2 in the structure functions and in the running coupling we used the value 

Q2 = (m2 + p:), where pl denotes the transverse momenta of the heavy quark. We 

assumed five flavours. All curves use the EHLQ, set 1 parametrisation of the gluon 

and quark wave function of the proton and the parametrisation of Ref. [12] for the 

quark and gluon wave functions of the electron. 

In Fig. 3 we plotted total cross section for heavy flavour production at HERA 

energy (,/Z = 314 GeV) ss a function of the heavy quark mass m. We can see 

that at low quark mass values the hadronic component of the electron can give 

important contributions. However, above the bottom production threshold these 

contributions become less important. The gluon-gluon fusion drops rapidly, while @j 

fusion and 7~ scattering with hard gluon bremsstrahlung give = 15% corrections. 

It is also evident from the curve that the subprocess of Eq. (2.2) gives the most 

important corrections at very high quark msss values. We note that in a similar 

treatment in hadron-hadron collisions, with a cut of 5 GeV on the pi of the final 

gluon, bremsstrahlung corrections are found to be much larger17~gl. 

In Fig. 4 we plot the energy dependence of bottom pair production. It can be 

seen that above HERA energies the most important corrections are given by gluon- 

gluon fusion. This is not unexpected since at high energies the bottom quarks 
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sre produced at small z values. Note, however that the gluon component of the 

electron is not known and that parametrisation of Ref. [12] is only an educated 

guess. In Fig. 5 we have plotted the rapidity distributions for bottom production 

at HERA energies (E. = 30 GeV and Ep = 830 GeV). The curves of this figure 

reflect the obvious kinematical consequences of the asymmetric beam energies and 

the z-behaviour of the structure functions. In Fig. 6 the transverse momentum 

distribution of the bottom quark is given. For the high pl tail the bremsstrahlung 

corrections are more important. This behaviour is similar to the case of hadron 

hadron collisions but less pronounced. Finally in Fig. 7 we plotted the pi distri- 

bution of the b6 system. This is the only quantity which is completely given by 

the 2 + 3 subprocess of Eqs. (2.2) and (2.3). We see that at large pl values the 

Bethe-Heitler type subprocess Eq. (2.2) can compete with the photon-gluon fusion 

contribution, Eq. (2.3). The shape of the curve at smaller values of pi is expected to 

be modified by Sudakov-type higher order double logarithmic corrections in analogy 

with the modification to the shape of the pI distribution of the W-boson produced 

in pp collisionsi”1. 

IV. DISCUSSION AND CONCLUSIONS 

We have presented compact expressions for the cross sections of the 2 -+ 3 sub- 

processes Eqs. (2.2,2.3). Using these expressions we have estimated the importance 

of hard gluon bremsstrahlung effects for heavy quark pair production at HERA. In 

contrast to csse of hadron collisions we do not find any anomalously large effect. 

This is in accord with our expectation, since in the case of photoproduction the 

gluon splitting mechanism is not favoured by a large cross-section for the produc- 

tion of gluon jets. We have also considered the contributions given by the hadronic 

component of the electron. Here there is potentially a problem of double counting. 

The splitting of the photon into collinear quark pair is partially included in the 

contribution of the subprocess of Eq. (2.2). This subprocess mainly contributes in 

the kinematical region of low b6 transverse momenta. Therefore, qualitatively, we 

have separated the two contributions. More work is needed for the clean separation 

of the low pI and large pi regimes. 

We find that at higher parton subprocess energies the contributions given by 

the hadronic component of the electron become negligible. Therefore, at HERA, at 
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parton subenergies greater than x I5 GeV, bottom and charm production can be 

described quantitatively in terms of the leading contribution (2.1) and its next to 

the leading order perturbative QCD corrections. Such an analysis of future mea- 

surements at HERA will be complementary to the study of heavy flavour production 

in hadron-hadron collisions. The experimental study of bottom and charm produc- 

tion in thii kinematical region will help to measure the gluon wave function more 

precisely and will also improve our understanding of the QCD description of heavy 

quark production in hadron-hadron, photon-hadron and electron-hadron collisions. 
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FIGURE CAPTIONS 

Figure 1: Luminosity functions for initial parton combinations 7~ and 79 (see 

Eq.(l.l) in ep collisions at energy fi = 314 GeV. M denotes the 

subenergy of the parton collisions. 

Figure 2: Luminosity function of 98, gg, pq and qp parton collisions in electron 

proton scattering at HERA energies. 

Figure 3: Total cross section for heavy quark production in ep collisions as a 

function of the heavy quark mass at HERA (4 = 314 GeV). The 
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Figure 4: 

Figure 5: 

Figure 6: 

Figure 7: 

contributions of the five production mechanisms (2.1) - (2.5) are sepa- 

rately indicated. The charge of the heavy quark is taken to be -5. 

Total cross section for bottom quark production in ep collisions as a 

function of the collision energy. The contributions of the five production 

mechanisms (2.1) - (2.5) are separately indicated. 

Rapidity distributions for bottom pair production in cp collisions at 

HERA energy. The contributions of the five production mechanisms 

(2.1) - (2.5) are separately indicated. 

Transverse momentum distribution of the bottom quark produced in 

ep collisions at HERA energy. The contributions of the five production 

mechanisms (2.1) - (2.5) are separately indicated. 

Transverse momentum distribution of the pair of bottom quarks pro- 

duced in ep collisions at HERA energy. The contributions of the five 

production mechanisms (2.1) - (2.5) are separately indicated. 

TABLE CAPTIONS 

Table 1: Spin and color summed matrix element squared for the subprocess: 

O(-Pl) + 0(-P,) + q(p3) + P(P4) + 7(PS). 

The heavy quark mass is m, (pf = pz = m*,pf = 0,; = 3,4,5) and the 

invariants are defined as pij = pi . pj and s = (pr + pr)‘. The electric 

charge of the massive and massless quarks rare denoted by Ed and er. 

respectively. 

Table 2: Spin and color summed matrix element squared for the subprocess, 

Q(-PI) + O(-PZ) -+ S(P3) + !J(Pr) + 7(PS). 

m denotes the heavy quark mass (~1’ =lp2* = m*,pi* = 0,i = 3,4,5) 

and the invariants are defined as pij = pi - pj and s = (pr + pr)*. The 

&En part has to be summed over 12 permutations corresponding to 
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the 6 permutations of the momenta p3,p,,p6 and two permutations of 

the momenta p1 and ~2. RKF has to be summed over 4 permutations 

corresponding to the interchange of pl,p2 and ps,ph. 
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pl5p263p34 

+m2bf3 + PL + P& + PL - 3~34) 

SPL 

m* -- 
2PL 

P!~ + PL + m*p34 + pi3 + PL + map34 
PlS P:S 1 

A 
2 

= 
5P36P46 

A3 = pf3 + pf3 + PL + pi4 + m*(p34 + $1 ~13 + h4 -.-Plr-- p23 

3P34 P16P36 hSP46 PlSP4b pPbp35 1 
+2m* b23 - p24) + bl4 - P13) 

5P34 PlS P2S 1 
r., .I I2 ..I A, ? . I . 1 \ 
Lllql = 4” S’\%Al t ej+2 + eHeLA3, 

Table 1 
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QED = 
3Pf3 

8~14~24~13~23 

-g&k + E - 3) + tpE- ;znypl’J - & + &] 

m’ 

- 2PZSPl.( [ 

1 
-( 

P24 - 3Pl4 - 2PlS 

2P24 PlS 
-9-54p-J 

+ 
iiZ&ik(&+;)+&(&+;)] 

R 
1 

KF= -- 

[ 
P:S 

-+&(:+g 2P34 P24P13 

+$[l-~(;+~)] +4p~n3[~+2(pl;;p*s) -71 

m* 
+ 

PI6 - P34 

2P2SPl4 [ 

+ P34 + P23 +49-Es-7 
P23 PlS Pl4 P26 1 

+g 
[ 
;(plsp;3p1' - 2 - 2 - 4 - & - & 1 

+ &[;(~+~)+(~-2&,] 
+~[~(~-~-~-~)-~(~+~+~)I 
+&(& - i$‘) - $&k + 2::;J* + (& + ;I&] 

c / Mg I* = -4g’&V/N (&JED + 11 perm’s.) + N*(RKF + 3 perm’s.) 

Table 2 
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